Abstract. Using the Dirac-Higgs bundle and the morphism given by tensorization, we consider a new class of virtual hyperholomorphic bundles over the moduli space of M of degree 0 semistable Higgs bundles. This construction generalizes the Nahm transform of a stable Higgs bundle.
Introduction
Higgs bundles were introduced by Hitchin in [H1] as solutions of the dimensional reduction to a Riemann surface of the self-dual Yang-Mills equations in 4 dimensions. The moduli space M of G-Higgs bundles has a rich geometry, in particular, can be constructed as a hyperkähler quotient in the context of gauge theory [ H1, Si0, Si1, Si2, Do, C] inheriting a hyperkähler structure; in addition, it admits a fibration M Ñ B over a vector space, becoming an algebraically completely integrable system [H2] which is known as the Hitchin system. It was shown in [HT, DG, DP] that Hitchin systems for Langlands dual groups are dual, satisfying thereby the requirements of being Strominger-Yau-Zaslow (SYZ) mirror partners [SYZ] , which allows for the identification of T-duality with mirror symmetry between them. Since the group G " GLpn, Cq is Langlands self-dual, we obtain a self-dual Hitchin system in this case, which is the one that we study in this paper.
Arinkin-Polishchuk [AP] gave a realization of mirror symmetry in the case of smooth torus fibrations, by using a Fourier-Mukai-Nahm transform to obtain holomorphic bundles from flat bundles supported on Lagrangian subvarieties of the mirror. This was further extended by Bruzzo-Marelli-Pioli [BMP, BMP2] and by Glazebrook, Kamber, and the second named author [GJK] . In the complex case, the Fourier-Mukai-Nahm transform underlies a Fourier-Mukai transform, which is the case for the locus of smooth fibres of the Hitchin system. We have not found in the literature an extension of the Fourier-Mukai transform outside the smooth locus of the Hitchin fibration, although Arinkin [Ar] and Melo-RapagnettaViviani [MRV1, MRV2] have extended the duality to Hitchin fibres associated to non-reduced curves, providing the corresponding Fourier-Mukai transform. A similar statement for the locus of non-reduced spectral curves is still missing to our knowledge.
The rich geometry of the moduli space of Higgs bundles M makes it an object of interest for theoretical physics. In [BJSV, HMS] it was shown that the dimensional reduction of an N " 4 Super Yang-Mills theory in 4 dimensions gives a 2 dimensional sigma model with hyperkähler target M, and, hence, S-duality in the former becomes T-duality (mirror symmetry) in the latter. This was the starting point for the ground-breaking article by Kapustin and Witten [KW] , where they relate the Geometric Langlands Conjecture and S-duality in the original N " 4 super Yang-Mills theory.
Following Kapustin and Witten [KW] , a pBBBq-brane in a manifold M with hyperkähler structure pg, Γ 1 , Γ 2 , Γ 3 q, is a pair pZ, W q consisting of a hyperkähler submanifold Z Ă M , and a hyperholomorphic vector bundle W Ñ Z. Similarly, a pBAAq-brane is a triple pΞ, V, ∇ V q consisting of a submanifold Ξ Ă M which is complex for Γ 1 and Lagrangian for the second and third Kähler structures (i.e. complex Lagrangian with respect to Γ 1 ), and a vector bundle V Ñ Ξ, holomorphic with respect to Γ 1 , equipped with a compatible flat connection ∇ V . In String Theory, branes are geometrical objects that encode the Dirichlet boundary conditions, and mirror symmetry predicts a 1-1 correspondence between pBBBq-branes on a moduli space of G-Higgs bundles and pBAAq-branes on a moduli space of G L -Higgs bundles, where G L denotes the Langlands dual of G. Motivated by this context, many authors have considered different ways of constructing hyperkähler and complex Lagrangian submanifolds in moduli spaces of Higgs bundles on Riemann surfaces, see for instance [H4, BS1, BS2, BG, HS, BCFG, BS3] and the geometry of these objects has been intensively studied [BGH1, BGH2, GW, Ba1, Ba2] . More generally, due to their intrinsic geometric interest, one can also study these special submanifolds on other classes of hyperkähler manifolds, like quiver varieties [FJMa, HSc] , and moduli spaces of stable sheaves on K3 or abelian surfaces [FJMe] . Recently, Gaiotto [Ga] and Hitchin [H4, H5] constructed several examples of pBAAq-branes in the moduli space of Higgs bundles, and their dual pBBBq-branes arising from the Dirac-Higgs bundle. The latter, originally defined by Hitchin in [H3] , is a virtual bundle (see Section 2.3) over a moduli space of Higgs bundles which comes equipped with a natural hyperholomorphic connection, and therefore is an important source of examples of pBBBq-branes.
Starting also from the Dirac-Higgs bundle, we consider in this paper a new class of virtual hyperholomorphic bundles over the moduli space of M of degree 0 semistable Higgs bundles which are given by a generalized Nahm transform of a given stable Higgs bundle on X. As pointed out before, these hyperholomorphic bundles can be seen as (virtual) space filling pBBBq-branes on M. We then apply the Fourier-Mukai-Nahm transform to the restriction of these space-filling pBBBqbranes to the smooth locus of the Hitchin fibration, which we call Nahm branes; we check that the transformed object is indeed a pBAAq-brane supported on a complex Lagrangian multisection of the Hitchin fibration. Since the Nahm transform of the trivial Higgs bundle corresponds to the Dirac-Higgs bundle, we describe, as a particular case, the behaviour under mirror symmetry of the pBBBq-brane that constitutes the Dirac-Higgs bundle, when restricted to the smooth locus of the Hitchin fibration.
Beyond the generalized Nahm transform for Higgs bundles, our main contribution is to take into account the additional structures (bundles and connections) that constitute branes in the correspondence between pBBBq-and pBAAq-branes predicted by mirror symmetry. This paper is organized as follows. In Section 2 we review the properties of the Hitchin system and the theory of Higgs bundles. In Section 4 we study the behaviour of spectral data of Higgs bundles under tensorization, which will be crucial to understand our generalization of the Nahm transform. Section 3 is dedicated to the study of the Dirac-Higgs bundle and connection, the second ingredient necessary both defining the generalized Nahm transform, described in Section 5. More precisely, the rank m Nahm transform of a stable Higgs bundle E is a virtual vector bundle p E m Ñ M m , with respect to the gerbe β m (described in Section 2.3), on the moduli space of stable Higgs bundles of rank m, equipped with a hyperholomorphic connection p ∇ E m . This virtual2. Geometry of the Hitchin system 2.1. Non-abelian Hodge theory. Given a smooth projective curve X over C of genus g ě 2, and denoting by E n is the (unique up to isomorphism) C 8 -bundle of rank n over X, a Higgs pair [H1, Si0, Si1, Si2] of rank n on X is pair pB E , ϕq where B E is a Dolbeault operator on E n fixing an integrable complex structure on it, and ϕ is an element of Ω 1,0 X pE n q. A Higgs bundle over X is a Higgs pair pB E , ϕq satisfying B E ϕ " 0. Equivalently, a Higgs bundle is a pair E " pE, ϕq, where E is a holomorphic vector bundle on X, and ϕ P H 0 pX, EndpEq b K X q is a holomorphic section of the endomorphisms bundle, twisted by the canonical bundle K X . Recall from [H1, Si0, Si1, Ni] 
In addition, E is polystable if it is a direct sum of semistable bundles E i " pE i , ϕ i q, all with the same slope deg E i {rkE i . It is possible to construct [H1, Si0, Si1, Si2, Ni] the moduli space M n of rank n and degree 0 semistable Higgs bundles on X. One has that dim M n " 2n 2 pg´1q`2.
Non-abelian Hodge theory establishes the existence of a homeomorphism [H1, Si1, Si2, Do, C] between M n and the moduli space of flat connections on the trivial C 8 -bundle of rank n. This is a consequence of the construction of these moduli spaces as a hyperkähler quotient of the space of Higgs pairs A n , which is an infinite dimensional affine space modeled on the infinite vector space Ω 1,0 X pE n q ' Ω 0,1 X pE n q, by the gauge group G n of complex automorphisms of E n . Tangent to any Higgs pair pB E , ϕq we can consider its infinitessimal deformations 9 α P Ω 0,1 X pEndpE nand 9 ϕ P Ω 1,0 X pEndpE n qq. The hyperkähler structure on A n is given by the flat metric on this space, r g n pp 9 α 1 , 9 ϕ 1 q, p 9 α 2 , 9 ϕ 2" ż X tr p 9 α1^9 α 2`9 α2^9 α 1`9 ϕ 1^9 ϕ2`9 ϕ 2^9 ϕ1 q , and the complex structures r Γ 1 n p 9 α, 9 ϕq " p i 9 α, i 9 ϕq , where i denotes ?´1 , r Γ 2 n p 9 α, 9 ϕq " p´9 ϕ˚, 9 α˚q and r Γ 3 n " r Γ 1 n r Γ 2 n . We denote by r ω j n p¨,¨q " r g n p¨, r Γ j n p¨qq the associated Kähler forms, and by r Λ j n " r ω j`1 n`i r ω j´1 n the corresponding holomorphic symplectic forms. In particular, one has the following description for the first one,
From each of the Kähler forms r ω j n one can construct a moment map µ j n and M n is identified with the hyperkäler quotient
The complex structures r Γ j n descend naturally to complex structures Γ j n on M n . Note that the 2-forms r ω j n and r Λ j n are gauge invariant, so they provide naturally the Kähler forms ω j n on M n , and the holomorphic symplectic forms Λ j n . The moduli space of Higgs bundles is realized in M n after fixing the complex structure Γ 1 n . Given a Higgs bundle E " pE, ϕq, consider the complex
which induces the following exact sequence
and we refer to B n as the Hitchin base. Consider the total space TotpK X q of the canonical bundle, and the obvious algebraic surjection p : TotpK X q Ñ X; let λ be the tautological section of the pullback bundle p˚K X Ñ TotpK X q. Given an element b " pb 1 , . . . , b n q P B n we construct the associated spectral curve S n,b Ă TotpK X q by considering the vanishing locus of the section
Restricting p to S n,b yields a finite morphism p n,b : S n,b Ñ X of degree n. Considering further the vanishing in TotpK X qˆB n of the relative version of (2.2), we construct as well a family of spectral curves S n Ă TotpK X qˆB for which we naturally have that S n X pTotpK X qˆtbuq " S n,b . Restricting the projection pˆ1 B : TotpK X qˆB n Ñ XˆB, we obtain a finite morphism of degree n:
For every b P B, the corresponding spectral curve S n,b belongs to the linear system |nX|, and, by Bertini's theorem, it is generically smooth and irreducible. Furthermore, since the canonical divisor of the symplectic surface TotpK X q is zero, the genus of S n,b is given by
Thanks to Riemann-Roch theorem, p n,b,˚OS n,b is a rank n vector bundle of degree degpp n,b,˚OS n,b q "´pn 2´n qpg´1q. This motivates the notation δ n :" pn 2´n qpg´1q.
Following [BNR] , we consider the push-forward E L :" p n,b,˚L of a torsion free sheaf L on S n,b of rank 1 and degree δ n , which is a vector bundle on X of rank n and degree δ n`d egpπ˚O S n,b q " 0. We consider as well the multiplication by the restriction to S n,b of tautological section,
whose push-forward returns the Higgs field
Thanks to Simpson's construction [Si1] , one can consider the moduli space Jac δn Bn pS n q Ñ B n of rank 1 torsion free sheaves with relative degree δ n over the family of spectral curves S n Ñ B n with linearization pnL where L is the linearizarion on XˆB n naturally induced from the linearization of X. After [Si2] , there is a canonical identification (2.4) M n -Jac δn Bn pS n q, such that each Hitchin fibre is identified with the compactified Jacobian of the corresponding spectral curve h´1 pbq -Jac δn pS n,b q.
Fixing a point x 0 P X in our curve, we construct a sectionσ : B n Ñ Jac Again by Simpson's construction [Si1] , one can consider Jac δn Bn pS n q _ to be the moduli space of torsion free sheaves, with trivial relative degree, over the B n -scheme Jac δn Bn pS n q. We have that Jac δn Bn pS n q _ Ñ B n is a relative scheme over B n which we call the relative dual compactified Jacobian of S n . We can even construct the product over B n of Jac δn Bn pS n q and Jac δn Bn pS n q _ , obtaining the commutative diagram (2.6) Jac
whereσ is the constant section considered above, andσ is the section given by considering the structural sheaf on each JacpS n,b q.
2.3.
The universal bundle and gerbes. We review in this section the universal (virtual) bundle over the moduli space M n of semistable Higgs bundles, as it is a fundamental piece to describe the Dirac-Higgs (virtual) bundle. For n ą 1, the moduli space of Higgs bundles M n is a coarse moduli space, not a fine one. In other words, it is not possible to construct a universal bundle over M nˆX . The best we can do is to construct a virtual universal bundle for a certain flat unitary gerbe.
For any algebraic variety Y and any open subset Z Ă Y , recall that a Up1q-torsor on Y is a sheaf of sets locally isomorphic to Up1q. Denote by TorspUp1q, Zq the set of Up1q-torsors over Z Ă Y and note that it is a group with the tensor product. A flat unitary gerbe on Y is a sheaf of categories β over Y such that β| Z is a torsor for the group TorspUp1q, Zq. Given a covering tZ i u iPI , a gerbe provides a category (a groupoid indeed) for every Z i , the natural transformations of these categories in the intersections is realized via tensoring by L ij Ñ Z i X Z j . Therefore, a gerbe defines a set of flat unitary line bundles over the intersections tL ij Ñ Z i X Z j u i,jPI such that L ij -L´1 ji and over the triple intersections
is isomorphic to the trivial bundle. When we have a fine enough tZ i u iPI cover of Y , a virtual bundle E associated to the gerbe β is a set of vector
Even if one can not define a universal bundle over M n , it is possible to construct a universal projective bundle, that we denote by pPU n , Φ n q Ñ XˆM n . Define β n to be the flat unitary gerbe of liftings of PU n to a vector bundle. By definition of β n one can construct a virtual vector bundle from PU n , and therefore, one gets the virtual universal Higgs bundle XˆM n pU n , Φ n q " tpU n,i , Φ n,i q Ñ XˆZ n,i u iPI , where tZ n,i u iPI is a covering of M n . Observe that the gerbe β n trivializes over the open subset given by the stable locus of the moduli space, as the existence of a universal bundle is guaranteed there.
It can be shown that the gerbe of liftings β n is the pull-back to XˆM n of a gerbe over M n , which we still denote by β n by abuse of notation. Consider the obvious projections occurring in the following commutative diagram,
Let us denote by r p n : S n Ñ X the composition of p n with the obvious projection r n onto the second factor.
Let us denote by B 1 n Ă B n the Zariski open subset given by those points b P B n such that S n,b is smooth. We denote the restriction of S n and M n to B n . As a consequence, the gerbe β n trivializes over M 1 n so the restriction of pU n , Φ n q is a bundle in the usual sense that we denote by
There exists a universal line bundle associated to the family of smooth curves S 1 n that we denote by
Observe that one recovers the universal bundle by setting U 1 n " p1 Jacˆpn q˚P n . Note, also, that Φ 1 n coincides with the direct image of the multiplication by the tautological section. Observe as well that the universal line bundle P n defines an embeddingǐ
n pS 1 n q to be the embedding defined byǐ n and the isomorphism Jac 
Since P n is a universal bundle for the topologically trivial line bundles on Jac δn B 1 n pS 1 n q and P n is a family of these objects, by definition ofǐ n above, one has that the relation between P n and P n is P n -pǐ nˆ1Jac q˚P n .
We finish the section with a technical result that will be useful in Section 3.
Lemma 2.1. In the notation of diagram (2.7), we have:
Proof. Recall that the hypercohomology groups H p pC ‚ q of a 2-step complex C ‚ :
of sheaves on a variety satisfies the following exact sequence
pplying this principle to the complex of sheaves P n b r πSpO S 1 n λn ÝÑ r pnK X q on Jac δn Bn pS n qˆB n S 1 n as a scheme over Jac δn Bn pS n q, we conclude that
The identification on the statement of the Lemma then follows from applying the functor r π Jac,˚t o the following exact sequence of sheaves on Jac
2.4. Fourier-Mukai and mirror symmetry for the Hitchin system. Recall from the Section 2.3 that we denote by B 1 n the locus of the Hitchin base that parametrizes smooth spectral curves, and by M _ we can consider the relative Poincaré bundle P n and the relative Fourier-Mukai transforms
This is an equivalence of categories since (2.8)
where 1´1 Jac denotes the involution given by inverting elements on each Jac δn pS n,b q under the group structure, and d n is defined in (2.3).
We now recall the work of Arinkin and Polishchuk [AP] which describes mirror symmetry for Lagrangian tori fibrations in terms of a Fourier-Mukai-Nahm transform for bundles with connections. This approach can be applied to the smooth locus of the Hitchin system as the fibres of M 1 n -Jac
n are Lagrangian with respect to Λ 1 n . Some useful properties of the Fourier-Mukai-Nahm transform can be found in [GJK] .
Corresponding to the definition of the Poincaré bundle P n , there is a canonical connection on it, the Poincaré connection ∇ Pn . Its curvature is given by
where ρ n is fibrewise the standard holomorphic 2-form on T L JacpS n,b qˆTĽ JacpS n,b q _ which is canonically isomorphic to
_ can be identified with the tangent space of M 1 n , and after this identification, ρ n coincides with Λ 1 n , the standard holomorphic symplectic form associated to the Dolbeault complex structure Γ 1 . Analogously, we can define the dual Poincaré connection ∇ Pn , whose curvature is
Consider a multisection Ξ of the fibration Jac
n and the associated projections (2.10) Jac
Given a vector bundle V over Ξ, endowed with a connection ∇ V , Arinkin and Polishchuk [AP] considered its Fourier-Mukai-Nahm transform,
where p V :"π Ξ,˚pπΞ,˚Pn bπ Ξ,˚V q is the Fourier-Mukai transform, and
Observe that, so far, we have only used the C 8 -structure of these Lagrangian fibrations. In fact, we could have worked with M " T˚B{H, where B is a (real) vector space and H a relative lattice, with dual fibration M _ " T B{H _ . Denote by ω the symplectic form defined on M (coming from the canonical symplectic form in T˚B) and consider a complexified symplectic form Λ " ω`i ξ, where ξ is a covariantly constant 2-form. Using ω and Λ one can define naturally a complex structure Γ on M . The power of the construction of Arinkin and Polishchuk arises in the following theorem, which ensures, under certain circumstances, the existence of a integrable complex structure on p V with respect to Γ.
Theorem 2.2 (Theorem 1.1 of [AP] , see also Theorem 6.3 of [Po] ). The p0, 1q-component of ∇ p V with respect to Γ is flat (hence p V -is holomorphic with respect to Γ) if and only if ∇ 2 V :" 2πΛ| Ξ . In the Hitchin system we deal with a complexified version of the previous situation. Observe that p V is naturally endowed with a Γ 1 -complex structure, and recall that Λ In [GJK] one can find a detailed study of the Fourier-Mukai-Nahm transform N n , in particular when this construction has an inverseŇ n . With respect to the
n , one can associate an exact sequence of 1-forms 0 ÝÑĥ˚Ω
ÝÑ 0, which splits thanks to the Gauss-Manin connection, giving
Following [GJK] , we introduce a bigrading on the De Rham algebra Ω
where the index u is called the basic degree and v is the fibre degree. Then, the connection ∇ W is adapted to the fibration if the x0, 2y-component of its curvature is zero, (2.13) p∇ 2 W q x0,2y " 0.
Given a Hermitian vector bundle
When the connection ∇ W is adapted, [GJK] provides the transform
given by (2.14)
They also proved that its support, Ξ :" suppp | W q, is a multisection of the dual fibration Jac
We can see that (2.14) coincides with the Fourier-Mukai transform. 
Proof. Note that W equipped with an adapted connection ∇ W can be understood as a family of vector bundles with flat connection over the fibres. Then, the lemma follows easily from and in [GJK, (3.19) ] and [BMP, Proposition 2.5].
Following again [GJK] , an adapted connection ∇ W on Jac Lemma 2.6 (Lemma 4.6 of [GJK] ).
After Lemma 2.6, we say that pW, ∇ W q is transversely flat, if
The Dirac-Higgs bundle and connection
Let us fix a metric ζ on the rank n topologically trivial C 8 -bundle E n . Given a Higgs vector bundle E " pE, ϕq supported on E n , we write B E for the associated Dolbeault operator and B E for the p1, 0q-part of the Chern connection constructed with ζ and B E . Hitchin introduced in [H3] the following Dirac-Higgs operator
Let H p pEq denote the hypercohomology groups of the complex of sheaves [Ha, Corollary 5.1.4 ] that if E is nontrivial stable Higgs bundle of degree 0, then H 0 pEq " H 2 pEq " 0, so that ker D E " 0. If E be a semistable Higgs bundle of degree 0, let grpEq " ' j E j be the associated graded object, where pE 1 , . . . , E l q are the stable factors of its Jordan-Hölder filtration; we say that E is without trivial factors (or w.t.f., for short) if none of these factors E j is trivial. Proof. First, assume that E is a semistable Higgs bundle of degree 0 without trivial factors; in order to prove that ker D E " 0, it is enough to check the case l " 2 and use induction on the length l of Jordan-Hölder filtration. So assume that E fits into a short exact sequence (of Higgs bundles) of the following form:
Using the induced long exact sequence in hypercohomology, it follows that H 0 pEq " H 2 pEq " 0 since H 0 pE j q " H 2 pE j q " 0 for j " 1, 2 by Hausel's corollary. In addition, we also have that H 1 pEq » H 1 pE 1 q ' H 1 pE 2 q, as desired.
Conversely, assume that E has a trivial factor in its Jordan-Hölder filtration. It follows that there exists a monomorphism pO X , 0q ãÑ E, implying that H 0 pEq ‰ 0, thus also ker D E ‰ 0.
Since the index of D E is´2npg´1q, see [Bl, Lemma 2.1.8] or [FJ, page 1226] , we conclude that
whenever E is a semistable Higgs bundle of degree 0 of rank n without trivial factors. Furthermore, the vector space ker DE does not depend upon the choice of a representative within the S-equivalence class rEs of E. We denote by M wtf n the subset of M n consisting of the S-equivalence classes of semistable Higgs bundle without trivial factors.
Consider now the trivial vector bundle (of infinity rank)
Since Ω 1,0
X pE n q has a natural metric on it, we see that Ω n Ñ M wtf n comes equipped with a metric.
One would like to define an action of DE on the corresponding fibre of Ω n to define an index bundle. To do so we need to provide, for each point of M wtf n represented by an S-equivalence class rEs of Higgs bundles, a polystable representative in this S-equivalence class. This amounts to give a universal Higgs bundle over our moduli space and we have already seen that such universal bundle only exists for n " 1. For general rank, the best we can obtain is the virtual universal bundle pU n , Φ n q " tpU n,i , Φ n,i q Ñ XˆZ n,i qu as in Section 2.3, where tZ n,i u iPI is a covering of M n which is fine enough for the gerbe β n . We can now define locally in Z n,i X M wtf n , the family of Dirac-type operators Dp Un,i,Φn,iq Ñ Z n,i given by Dp Un,i,Φn,iqˇv " Dp Un,i,Φn,iq|v . Let us denote, for every Z n,i restricted to M wtf n , the rank 2npg´1q holomorphic bundle
and consider (3.5)
which is a virtual bundle for the gerbe β n over M wtf n , called the Dirac-Higgs bundle. Thanks to the work of Hausel [Ha] , one can describe the Dirac-Higgs bundle in terms of the universal bundle. 
Proof. Considering each local universal bundle pU n,i , Φ n,i q over the open subset
Φn,i ÝÑ U n,i b πX K X¯" 0 since, as observed above, H 0 pEq " H 2 pEq " 0 for each E P M wtf n . It follows from Lemma 3.1 that
Using our gerbe β, it follows that the virtual Dirac-Higgs bundle is (3.6) and the proof is completed.
Define Ξ 0 n :" S n X ppXˆt0uqˆB n q . Note that for each b " pb 1 , . . . , b n q P B 1 n one has that S n,b X Xˆt0u is the locus where b n " 0, being
n is a finite cover over B n of degree 2npg´1q,
Recall that the gerbe β n trivializes over M 
Proof. Recall from Section 2.3 that we denote by U 1 n the restriction of U n to M 1 n , and by P n the universal line bundle on S 1 n . All the maps considered here are the restriction to the corresponding objects given by restricting B n to B 1 n . Starting from (3.6) and the isomorphism (2.4), note that
Next, recalling the relation between the universal bundle and the Poincaré bundle described in Section 2.3, and making use of the projection formula and base change theorems for the various morphisms in the diagram (2.7), we obtain
Recall that, by the definition ofǐ n , one has that the restriction of the Poincaré bundle Pn Ñ Jac _ to the image of the embedding 1 Jacˆǐn , coincides with P n . Using this, the projection formula, and base change theorems on the diagram (2.7), we have that
Sinceǐ n is an embedding, one has that
n , which is a finite 2npg´1q-cover of B 1 n , and so isǐ n pΞ 0 n q which is the support ofǐ n,˚p r pnK
qq is a complex supported in degree 0.
After Proposition 3.3 and equation (2.8), it is possible to study the FourierMukai transform of D 1 n . Corollary 3.4. We have that RF n pD 1 n q is a complex entirely supported in degree d n " 1`n 2 pg´1q, and the sheaf R dnF n pD
One can also define naturally a connection on D n . Consider the trivial connection d on the trivial bundle Ω n , and consider the embedding j n : D n ãÑ Ω n and the projection pr : Ω n Ñ D n defined by the natural metric on Ω n . We define the Dirac-Higgs connection to be the connection given by the composition (3.8)
∇ n " pr n˝d˝jn .
The second part of the following statement can be found in Blavaand [Bl, Theorem 2.6 .3] (see also [FJ, Proposition 11] ) although the description for the curvature.
Proposition 3.5. The curvature of the Dirac-Higgs connection is proportional to the gauge-invariant 2-form (3.9) Θ pp 9 α 1 , 9 ϕ 1 q , p 9 α 2 , 9 ϕ 2:"
In particular, it follows that the Dirac-Higgs connection is of type p1, 1q with respect to all complex structures on M n , hence the Dirac-Higgs bundle D n admits a hyperholomorphic structure, cf. [Bl, Theorem 2.6.3] and [FJ, Proposition 11] ). The new content of the previous proposition is the explicit formula for the curvature of the Dirac-Higgs connection, which will play an crucial role later on.
Proof. Recall the definition of the Dirac-Higgs bundle given in (3.4). For a certain point E " pE, ϕq of the moduli space M n , the projection
where G E denotes the associated Green operator, defined to be
is the natural embedding, recalling the definition of the Dirac-Higgs connection from (3.8), we can write the curvature at E as
because DE pdσq " dpDE σq´pdDE q, and dpDE σq " 0 since DE σ is a holomorphic section of D n . Continuing our chain of equalities, we have
, and finally because ppr n | E qD E " 0, which is a consequence of
Summing up, we see that the Dirac-Higgs curvature ∇ 2 n,E is the projection of dD E^d DE in´Ω 1,0 X pE n q ' Ω 0,1 X pE n q¯ˆA n , where A n is the affine space of Higgs pairs pϕ, B E q.
Recall (3.1) and (3.2) and express D E and DE in matricial form,
X pE n qṘ ecall that the affine space A n is modeled on the infinite dimensional vector space Ω 1,0 X pEndpE n qq'Ω 0,1 X pEndpE n qq, and one can consider the infinitesimal deformations of B E and ϕ, 9 α˚, 9 ϕ P Ω 1,0 X pEndpE n qq, as well as 9 α, 9 ϕ˚P Ω 0,1 X pEndpE nassociated to B E and ϕ˚. Then, dD E "ˆ0 0 1 0˙d 9 α`ˆ0 1 0 0˙d 9 α˚`ˆ´1 0 0 0˙d 9 ϕ`ˆ0 0 0´1˙d 9 ϕ˚ and dDE "ˆ0 0 1 0˙d 9 α`ˆ0´1 0 0˙d 9 α˚`ˆ0 0 0´1˙d 9 ϕ`ˆ1 0 0 0˙d 9 ϕs o dD E^d DE "ˆ1 0 0 1˙d 9 α^d 9 α˚´ˆ1 0 0 1˙d 9 ϕ^d 9 ϕ0 0 2 0˙d 9 ϕ˚^d 9 α`ˆ0 2 0 0˙d 9 ϕ^d 9 α"ˆ1 0 0 1˙p d 9 α^d 9 α˚´d 9 ϕ^d 9 ϕ˚q , since d 9 ϕ˚^d 9 α and d 9 ϕ^d 9 α˚belong to Ω 0,2 X pEndpE nand Ω 2,0 X pEndpE nrespectively, and these spaces vanish over a curve.
We observe that d 9 α^d 9 α˚´d 9 ϕ^d 9 ϕ˚projects to (3.9), and this proves the first statement.
We can see that Θ is of type p1, 1q with respect to the complex structure Γ 1 n . To study the type with respect to Γ 2 n we first perform the following change of variables 9 u :" 1 2 p 9 α`i 9 ϕ˚q , 9 u˚:" 1 2 p 9 α´i 9 ϕ˚q , 9 v :" 1 2 p 9 α˚`i 9 ϕq , 9 v˚:" 1 2 p 9 α˚´i 9 ϕq .
One can check that 9 u and 9 v are holomorphic vectors with respect to Γ 2 n , and 9 uå nd 9 v˚antiholomorphic. In this base, Θ can be expressed as follows (3.11) Θ pp 9 u 1 , 9 v 1 q , p 9 u 2 , 9 v 2:" 2 ż X tr p 9 u1^9 v 2´9 u2^9 v 1´9 v1^9 u 2`9 v2^9 u 1 q .
We also see that Θ is of type p1, 1q with respect to Γ 2 n , and then, it is also of type p1, 1q with respect to Γ Proof. Fixing a point of the smooth locus of the Hitchin base b P B 1 n Ă B n , recall thatĥ´1pbq -Jac δn pS n,b q and denote by f b : Jac δn pS n,b q ãÑ M 1 n the corresponding embedding, which we recall that corresponds to the push-forward under p n,b : S n,b Ñ X. For every 9 β P H 1 pS n,b , O S n,b q " H 1 pS n,b , L˚b Lq, we have that 
We recall from Proposition 3.5, that the Dirac-Higgs curvature is proportional to the holomorphic 2-form Θ, where Θ is defined in (3.9). Taking the pull-back of Θ under f b we obtain, for every two 9 β 1 , 9
So we observe that the Dirac-Higgs curvature vanishes when restricted to the Hitchin fibres: ∇ 2 n |ĥ´1 pbq " 0. In other words, the Dirac-Higgs connection is adapted to the Hitchin fibration, cf. equation (2.13).
Tensorization and spectral data
In this section we explore the behaviour of the spectral data under tensorization, generalizing partial results established in [BS] for Higgs bundles of rank 2 and 4.
Let us introduce in this section the tensorization of two Higgs bundles E " pE, ϕq and F " pF, φq,
It is well known that, if E and F are semistable, then E b F is semistable too. Then, fixing some E P M n , one can define a map
Remark 4.1. Note that τ E m is hyperholomorphic, meaning that it is a holomorphic morphism between pM m , Γ i m q and pM nm , Γ i nm q for each of the i " 1, 2 or 3. As it is defined, τ E m is clearly holomorphic for i " 1. To see that it is also holomorphic for i " 2, consider the vector bundle with flat connection pE 1 , ∇ E 1 q corresponding to E under the Hitchin-Kobayashi correspondence, and observe that τ E m , in the complex structure Γ 2 , sends the vector bundle with flat connection pF 1 , ∇ F 1 q corresponding to F , to pE
is holomorphic for i " 1 and i " 2, it is also holomorphic for i " 3 since this complex structure is given by the composition of the previous two.
It will be necessary for us the understanding of the behaviour of τ E m under the isomorphisms M n -Jac δn Bn pS n q, which we address in the rest of this section. For the sake of simplicity, we restrict ourselves to the case of reduced spectral curves.
Consider the map given by the sum along the fibres of the canonical line bundle
Proposition 4.2. Denote by S E and S F the spectral curves associated to the stable Higgs bundles E " pE, ϕq and F " pF, φq of trivial degree and rank n and m respectively. Assume that S E and S F are reduced and, in the case where n " m,
The curve S EbF is reduced and singular. Furthermore, there exists a partial desingularization η EbF : r S EbF Ñ S EbF at a divisor of length pm 2 n 2`m n´mn 2ń m 2 qpg´1q, such that one has the diagrams
commute, where p EbF and r p EbF are nm-covers, p E and q F n-covers, and p F and q E are m-covers. Note that, by construction, all these maps are flat morphisms except η EbF .
Finally, denote by
Proof. We start by constructing r S EbF and the maps in (4.3). We have that
commutes. Furthermore, one has that qE pE K X Ñ TotppEK X q has a tautological section γ : TotppE K X q Ñ qE pE K X . Recall that the equation defining S F is (4.6) λ m`p˚b 1 pφqλ m´1`¨¨¨`p˚b m´1 pφqλ`p˚b m pφq " 0, where
Then, one has that the vanishing of γ m`qE b 1 ppE φqγ m´1`¨¨¨`qE b m´1 ppE φqγ`qE b m ppE φq ", " γ m`qE pE b 1 pφqγ m´1`¨¨¨`qE pEb m´1 pφqγ`qE pEb m pφq defines the spectral curve r S EbF of the pE K X -Higgs bundle pE F over S E . Since (4.5) commutes, observe that qE pE K X -r pE p˚K X .
Also, the pull-back of the tautological section λ : TotpK X q Ñ Totpp˚K X q under r p E equals the tautological section γ : TotppE K X q Ñ TotpqE pEK X q, γ " r pE λ.
Then, we see that r S EbF coincides with the vanishing of the pull-back under r p E of the section stated in (4.6) and whose vanishing locus defines S F , r pE λ m`r pEp˚b 1 pφqr pE λ m´1`¨¨¨`r pE p˚b m´1 pφqr pE λ`r pEp˚b m pφq ",
This proves that r S EbF is naturally isomorphic to the pull-back of the finite bundle defined by S F Ñ X, r pE pS F Ñ Xq, and therefore r p E pS pE F q is equal to S F . We denote by q F : r S EbF Ñ S F the restriction of r p E , and, abusing of notation, we denote the restriction of the other projection by q E : r S EbF Ñ S E . This proves the existence of the diagram (4.3) where we observe that all the maps are flat by construction.
Denote by q the structural morphism of p˚K X Ñ TotpK X q. Observe that p˚K X | Xˆt0u -K X and consider the associated morphism η : Totpp˚K X q Ñ TotpK X q. Note that one has the commutative diagram
We denote by S EbF the image of r S EbF under η, and we denote by η EbF the restriction. By construction, the diagram (4.4) commutes. Since η EbF is the projection of a curve, it is a partial desingularization or an isomorphism.
Recalling that S E Ă TotpK X q we have that TotppE K X q " q´1pS E q embeds naturally into Totpp˚K X q in such a way that the restriction q to it equals r p E . Therefore, we see that qE pE K X -r pE p˚K X can be identified with to the restriction of q˚p˚K X to q´1pS E q Ă Totpp˚K X q. Under this isomorphism, the restriction of the tautological section of q˚p˚K X , r λ : Totpp˚K X q Ñ q˚p˚K X , to q´1pS E q is related to the tautological section γ : TotppE K X q Ñ qE pE K X as follows
where the index of λ 1 indicates that it is the tautological section of p1 K X . Similarly, we denote by λ 2 the tautological section of p2 K X . We observe that One naturally have that Totpp˚K X q -TotpK XˆX K X q and, under this isomorphism, q corresponds to the projection of the first factor while η corresponds to the projection of the second. Using the sum map σ :
Recall that r S EbF is defined by (4.9). The first equation of the system defines S E , while the second correspond to the points of S F centered at S E , so
This proves the isomorphism (4.2), since taking the image under η corresponds to projecting to the second factor.
We observe that σ pS EˆX S F q is reduced since both S E and S F are reduced by hypothesis, and assumed to be S E ‰ S F in the case where n " m. Furthermore, we observe that the tautological section on σpS EˆX S F q is precisely λ 2 , (4.10) λ| σpSEˆX SF q " λ 2 .
It remains to show that L EbF , as described in the hypothesis, and S EbF , as constructed above, constitute indeed the spectral data for E b F . The projection formula gives
Note that in the third line we have used q E,˚qF L F -pEp F ,˚LF , which follows from the commutativity of
and the fact that all these maps are flat. Since r p EbF " p EbF˝ηEbF ,
Then, L EbF Ñ S EbF is indeed the spectral data of our Higgs bundle E b F .
Since it is a spectral curve, we know that gpS EbF q " 1`n 2 m 2 pg´1q. Also, thanks to (4.3), we know that r S EbF Ñ S F is an n-cover whose ramification is
Since the length of Ram´r S EbF Ñ S F¯i s the difference of its genus gp r S EbF q and the genus of the unramified n-cover, one has gp r S EbF q´pnpgpS F q´1q´1q " mpn 2´n qpg´1q.
Then, the genus of r S EbF is gp r S EbF q " 1`pmn 2`n m 2´n mqpg´1q.
Then, we conclude that η EbF : r S EbF Ñ S EbF is a partial desingularization at a divisor of length
Consider the semistable Higgs bundle E " pE, ϕq associated to the spectral data L E Ñ S E , where S E is reduced. After Proposition 4.2, the morphism 
where p E m is a nm-cover, r p E " pp Eˆ1B 1 m q and q m are n-covers, and p m and r q E are m-covers.
Finally, we study the relation of τ Proof. Since τ E m commutes with all the complex structures Γ 1 , Γ 2 and Γ 3 and one can easily check thatτ E,m g nm " rkpEqg m , we have
We conclude this section with a generalization of Lemma 2.1 to arbitrary Higgs bundles on X, a technical result that will be used in Section 6.1.
Lemma 4.5. Let E " pE, ϕq be a Higgs bundle on X. In the notation of diagram (2.7), we have:
Note that the identification provided by Lemma 2.1 is just the one above applied to the trivial Higgs bundle E " pO X , 0q.
Proof. The idea of the proof is the similar to the one used in Lemma 2.1. Note that pr pmE, r pmϕq is a relative r pmK X -Higgs bundle over the family of curves S m Ñ B 1 m . This point of view provides the isomorphism
From the proof of Proposition 4.2 and recalling the commutative diagram (4.11), we know that the (family of) spectral data is r qE L E Ñ Σ E m . We denote by γ the corresponding tautological section γ : Totpr pmK X q Ñ Totpqm r pmK X q. Recall from (4.7), (4.8) and (4.10) that
Note that λ Σ vanishes at
Completing the desired identification.
Nahm transform of high rank
In [FJ] the Nahm transform for Higgs bundles is considered, resulting in a Hermitian connection over M 1 of type p1, 1q with respect to the complex structures Γ Fix a Higgs bundle E " pE, ϕq of rank n and degree 0, supported on the Hermitian C 8 vector bundle E n . For every Higgs bundle F " pF, φq of rank m and degpF q " 0, supported on the Hermitian C 8 vector bundle E m , we can consider the Higgs bundle
Associated to E " pE, ϕq, we can define, for each F " pF, φq in M :" DE bF . Recall that if E and F are both semistable, the so is E b F ; below we find conditions under which E b F is without trivial factors.
In other words,Ê m is a space filling, virtual pBBBq-brane over M Let E " pE, ϕq be a stable Higgs bundle with spectral data
Proof. Observe that we have the following commutative diagram
Since π Mnm is flat, it follows that τ E,m˝Ri π Mnm,˚" R i π Mm,˚˝p 1 Xˆτ Next, using the description of the Poincaré bundle P m in terms of P m given in Section 2.3, the projection formula and base change theorems for the various morphism of diagram (2.7), one obtains the following chain of identifications: Finally, as in the last part of the proof of Proposition 3.3, due to the fact that Ξ E m is a finite 2nmp2g´2q-cover of B JacV pSq¯˚ǐ m,˚`r pmK X b p´1q˚L
Remark 6.3. Observe that Proposition 4.2 implies that Impτ E m q lies outside the smooth locus of the Hitchin fibration. Therefore, the method used in Section 6.1 is not suited to study the behaviour of the pBBBq-branes defined in Remark 5.6 under mirror symmetry. For that we would need to consider Fourier-Mukai transforms over compactified jacobians of singular curves as in [Ar, MRV1, MRV2] . is constant. We recall the definition of θ. We recall that M 1 m Ă M st m so all the points are smooth and represented by the stable Higgs bundle E " pE, ϕq, the tangent space is T E M m " H 1 pC ‚ E q, which comes naturally equipped with the map t : H 1 pC ‚ E q Ñ H 1 pX, EndpEqq. By Serre duality, the Higgs field ϕ P H 0 pEndpEq b K X q is an element of the dual space of H 1 pEndpEqq and recall that we defined θpvq " xϕ, tpvqy, for each v P H 1 pC ‚ E q. We now study the description of θ over Jac Note that, for every L 1 , L 2 P JacpS m,b q, one has naturally that Ext is flat, where r ∇
